We fully compute the N = 1 supersymmetrization of the fourth power of the Weyl tensor in d = 4 x-space with the auxiliary fields. In a previous paper, we showed that their elimination requires an infinite number of terms; we explicitely compute those terms to order κ 4 (three loop). We also write, in superspace notation, all the possible N = 1 actions, in four dimensions, that contain pure R 4 terms (with coupling constants). We explicitely write these actions in terms of the θ components of the chiral density ǫ and the supergravity superfields R, G m , W ABC . Using the method of gauge completion, we compute the necessary θ components which allow us to write these actions in x-space. We discuss under which circumstances can these extra R 4 correction terms be reabsorbed in the pure supergravity action, and their relevance to the quantum supergravity/string theory effective actions.
Introduction
In a previous paper [1] , we wrote and analyzed in d = 4, N = 1 superspace a lagrangian which contained a pure R 4 term:
This lagrangian could be seen as a four dimensional N = 1 string/M-theory effective action, resulting from a compactification and truncation from ten/eleven dimensions.
In that case the constant α κ 2 could be identified up to a factor with α ′3 , α ′ being the string slope parameter.
Originally the αW 2 W 2 term of this lagrangian was thought of as a possible threeloop quantum correction to supergravity. In reference [2] it was shown that supersymmetry implies the one and two-loop finiteness of supergravity, but there exists a potential non-vanishing on-shell superinvariant which could mean non-finiteness of supergravity at three loops. Later that superinvariant was written in superspace [3, 4] : it is precisely the α part of (1.1). No one has been able to compute the three-loop supergravity effective action in order to show if the coefficient of this term is nonzero or if it vanishes by some miraculous cancellation [5] . Up to that (unknown) numerical factor, the constant α could be identified with κ 6 if (1.1) is that effective action. In the paper [1] , we made a full superspace analysis of (1.1). In section 2 of this paper, we extend this analysis to x-space. We write down (1.1) in components, leaving the auxiliary fields. As we have shown in [1] , the auxiliary fields do not vanish anymore with this action; the elimination of the A m auxiliary field would result in a nonlocal action with an infinite number of terms of all orders in α. We fully compute the terms which are of first order in α and which could constitute the three-loop supergravity effective action.
In section 3 we argue that there are other supersymmetric pure R 4 terms which can be considered. These terms can be absorbed in the pure supergravity action by a field redefinition, but this process induces new higher-order superinvariants. We list these other supersymmetric R 4 terms, compute their bosonic parts and comment on their properties. . In order to write it in components, first we write it in chiral notation:
ǫ is the chiral density; its expansion in components is [6] 2ǫ = e − ieθ A σ mAȦ ψ mȦ − eθ
We get, then, for the lagrangian, 
In order to compute this lagrangian in terms of the x-space fields, we are interested in the component expansion of W 2 . From (A.15), one can derive
From the relation
one can easily show that one may write
and, using (A.5), one can also show that
In the same way one has, from (2.5) and the solution to the Bianchi identities,
We have thus expressed the x-space components necessary to compute our lagrangian in terms of the independent components listed in (A.10). These components, as well as ∇ m G n |, are presented in appendix A. Some of them are presented for the first time in the literature. The knowledge of these components allows us to fully compute the lagrangian (2.3), leaving the auxiliary fields in it.
In [1] , we computed the field equations for (1.1). We showed that the auxiliary fields M, N satisfied an algebraic field equation, in terms of e m µ , ψ µ and the auxiliary field A m . This field equation can be obtained by taking the θ = 0 component of
These auxiliary fields can then be eliminated, leaving an action with higher powers of α and A m . The elimination of A m is much more problematic. Expressing this auxiliary field in terms of e m µ and ψ µ , we get a series of terms with infinite powers of α. This series cannot be expressed in a closed form; it is the solution of a differential equationthe field equation for A m -the solution of which can only be iterated order by order in α. Ingenuously, one would expect the effective action (1.1) to be just of order κ 4 (or α ′3 ) but, from what we said, the closeness of the supersymmetry algebra requires, because of the elimination of A m , the appearance of terms of infinitely high order in κ (or α ′ ). Notice that these terms all come from the auxiliary field sector and do not include terms which are pure (i.e. without matter couplings) powers of the Riemann tensor. These pure Riemann terms obviously exist in the full loop (α ′ ) expansion, which is not fully given by (1.1). The full quantum action will include more terms as (1.1) but with larger powers of the Riemann tensor. Each of them will presumably need, on-shell, an infinite number of terms with all powers of the Riemann tensor to be supersymmetrized, like the simplest one we have analyzed.
The three-loop effective action (1.1) was written based on the dimensional analysis of its leading bosonic part and on the requirement of supersymmetry. Since any regularization procedure works order by order in perturbation theory, it cannot introduce (at three loops or at any other loop) an infinite number of terms of arbitrary order in the coupling constant, as it is required by supersymmetry. Therefore, it is not possible to fully preserve supersymmetry while regulating the theory; supersymmetry transformations must be truncated to the power of κ at which the theory is being regulated.
Having this in mind, now we compute the three-loop (or α ′3 ) terms in ∇ A W 2 and ∇ 2 W 2 |, i.e. the terms which would not contribute to (2.3) with more powers of α. Since all these terms are already multiplied by α, the terms we are looking for are simply the α = 0 (on-shell) terms of ∇ A W 2 | and ∇ 2 W 2 |, i.e. the terms without auxiliary fields. From (2.6), (2.8) and the components in appendix A, it is only a matter of calculation. We leave the details of the calculation to appendix B. Here, we present just the results:
The product σ
When replaced in (2.3), these expressions will give all (and no more than that) terms which contribute with a power of κ 4 (or α ′3 ). This concludes our calculation of the three-loop N = 1, d = 4 supergravity effective action, except for the numerical factor in the definition of α.
3 List and discussion of the different R 4
superinvariants
As proven in [7] , in four dimensions there are thirteen independent real scalar polynomials made from four powers of the irreducible components of the Riemann tensor, besides the W 2 + W 2 − which we analyzed in the previous section 1 . These terms are proportional to R or S µν and therefore, when written in superspace language, they are proportional to R or G m , with the single exception of W For each fourth-order scalar polynomial of the Riemann tensor we now give its superspace supersymmetric form, when it exists. For all the component expansions see appendix A. Also from these component expansions, or from the off-shell relations (A.4), (A.5), (A.6), we can derive the R-weights of the superfields and their derivatives [8] :
Having these weights, we can mention in advance that all the actions we are going to consider preserve R-symmetry.
R 4
The supersymmetrization of the R 4 polynomial is written, in superspace, as
This lagrangian contains a 3 8
term, the bosonic part of which being 1536κ 4 eR 4 .
R
The supersymmetrization of the R 2 S µν S µν polynomial is included in the following superspace lagrangian:
1 We recall that the superfield components which contain the Riemann tensor are ∇ 2 R con-
Rg µν , and ∇ A W BCD containing W ABCD := − 
and since
2S µν S µν + fermion terms, the bosonic part of this lagrangian is given by − 4 3
The supersymmetrization of the RS µν S µ σ S νσ polynomial is written, in superspace, as
This action contains a 3 16
νσ +fermion terms, the bosonic part of this action is indeed given by 3κ
The supersymmetrization of the S µν S µν S ρσ S ρσ polynomial is included in the following superspace lagrangian:
This lagrangian contains a 
The supersymmetrization of the S µν S µ σ S ρσ S ν ρ polynomial is written, in superspace, as
This action contains a
the bosonic part of which being given by
The supersymmetrization of the RS µρ S νσ W µνρσ polynomial is written, in superspace, as
This lagrangian contains a 3 16
S µρ S νσ W 
term, the bosonic part of which being given by −48κ 4 eR 2 W µνρσ W µνρσ .
S
The supersymmetrization of the S τ λ S τ λ W µνρσ W µνρσ polynomial is included in the following superspace lagrangian:
term. Its pure bosonic part is given by 1 24
The supersymmetrization of the S µν S τ λ W τ ρλσ W µρνσ polynomial is written, in superspace, as 
This lagrangian contains a − 
Discussion of the results
We have identified, for a total of twelve independent real scalar polynomials made from four powers of irreducible components of the Riemann tensor, their corresponding superspace lagrangians. Obviously our choice of basis for these polynomials is not unique, and linear combinations of the superspace lagrangians we found can be taken freely, in order to supersymmetrize any desired linear combination of the Riemann polynomials.
Also other contractions of indices could have been taken, both in the Riemann polynomials and in the superspace lagrangians, but they would always be equivalent to some linear combination of the independent lagrangians we chose. For example, let's consider 
It is easy to see that it is a linear combination of the bosonic parts of (3.8), (3.9) and (3.11). Indeed, by partial integration in superspace, one can see directly that (3.13) is a linear combination of (3.8), (3.9) and (3.11).
All the supersymmetrizations we have been considering, as we mentioned, are proportional to R or G m . If they are written simply as quantum corrections to pure supergravity, they can be reabsorbed by field redefinitions, according to [2, 9] . In superspace this can be seen very clearly. We recall that the general variation of the supergravity action I = 1 2κ 2
Ed
4 θd 4 x under any transformation of the supervielbein which preserves the off-shell torsion constraints is given by [10] 
The superfields U, χ AȦ are completely arbitrary. Any correction term proportional to R or G m can be written in the form (3.14) and, therefore, reabsorbed in the supergravity action by a redefinition of the supervielbein. In fact, these correction terms to pure supergravity vanish on shell, because the field equations for pure supergravity are R = 0 and G m = 0. The supervielbein redefinition will, though, introduce new higher order superinvariants (by higher order, in this section, we mean κ 10 or more), which may vanish on-shell or not, as we will see below.
The correction in (1.1) cannot be written in the form (3.14), nor can its variation. In this case, the variation is much more complicated and, although still being proportional to the arbitrary superfields U, χ AȦ , it includes terms with derivatives of R, G m and W ABC [1] . These terms imply the nontrivial field equations for the auxiliary fields.
There is an interesting aspect about the RW τ λ µν W τ λρσ W µνρσ action (3.12): it has three powers of the Weyl tensor, while all the other actions we have been considering in this section have at most two powers of the Weyl tensor. This means all the previous actions have, in superspace, up to derivatives, at least either two G m factors, or one RR factor, or one (R + R)G m factor. It is then obvious that these actions will not change the supergravity field equations R = 0, G m = 0 by themselves; any arbitrary variation of R or G m , no matter how complicated it is, will always be multiplied by R or G m (up to derivatives and complex conjugation) and, therefore, will not change any solution to the field equations. But that is not the case in the action (3.12): a variation of R would be multiplied by W ABC terms which do not vanish on-shell and, if it is nontrivial, it could induce changes in the field equations.
Indeed, R = −3iT AȦ AȦ and, in the notation of our previous paper [1] ,
The torsion terms are all proportional to R or G m and vanish on-shell. The same is true for the ∇ AȦ H AȦ term (recall that the full set of H N M was computed in [1] ). The ∇ A HȦ AȦ term introduces the following "dangerous" terms:
These terms are nonzero on-shell, if (3.12) is taken as a correction to pure supergravity, and will induce a change in the field equations. This action has the combined features of all the distinct actions we have analyzed: it changes the supergravity field equations like (1.1) but, because it is proportional to R, it can still be reabsorbed in the supergravity action, by a supervielbein redefinition, like all the actions we have analyzed in this section. Furthermore, because the supervielbein variations H N M include derivatives of χ m and U, we get, after partial integration, terms with derivatives of R and G m in the superspace field equations, which may mean that also with this action the auxiliary fields have nontrivial field equations.
After reabsorbing this term, both in pure supergravity and in (1.1), the new higherorder superinvariants which are generated are just powers of the Weyl tensor, which do not vanish on shell. Therefore, although this counterterm vanishes on-shell, it generates non-trivial higher-order superinvariants, even in pure supergravity (without the W 4 correction in (1.1)). All the other terms we have considered in this section up to now introduce higher powers of either R or R µν , which vanish on-shell if they are the only quantum corrections to supergravity. They will not vanish on-shell when we include the W 4 correction in (1.1).
We emphasize again that the full loop (α ′ ) expansion is not fully given by (1.1), even after having the higher order terms from the redefinition of the supervielbein. These terms may need to be included in the full action with different numerical coefficients, and also other higher order terms, not obtained from the redefinition of the supervielbein, may be needed.
W 4 terms
To conclude our analysis of the R 4 µνρσ superinvariants in four dimensions, we discuss now pure Weyl terms.
There are two possible W 4 polynomials in four dimensions: the most interesting W − . This last term simply cannot be supersymmetrized, as noticed in [4] . Indeed, in components, this term would be written as (∇ 2 W 2 |) 2 + h.c., which is not a supersymmetric combination (it cannot result from a superspace integration).
Conclusions
From the thirteen independent polynomials that can be built from R 4 µνρσ , only twelve of them can be supersymmetrized and, from these twelve, only one -W 2 + W 2 − -cannot be reabsorbed in the pure supergravity action by a redefinition of the supervielbein. If this term is included, the field equations are changed and one gets a nonlocal action after elimination of the auxiliary fields.
In this paper, we took the αW 2 + W 2 − case which we had already studied in superspace in a previous paper, and we worked it out in x-space. We wrote down the action in terms of the components of the W 2 superfield. We computed these components, leaving the auxiliary fields which, on-shell, are an infinite series in the coupling constant α. We worked these components out completely, just in terms of the vielbein and the gravitino, to zeroth order in α. We got then the supersymmetric W 2 + W 2 − action, but the field equations of the auxiliary fields had to be truncated. This should be the three-loop supergravity effective action, assuming this theory is not finite to this order.
We showed that every other R 4 µνρσ term which has a R or R µν factor is supersymmetrizable, but can be reabsorbed in the pure supergravity action by a redefinition of the supervielbein. For each of these terms, we wrote in superspace the respective supersymmetric completion and we proved its R-invariance. After the supervielbein redefinition, new higher powers of the Riemann tensor are generated, which we have not analyzed in detail; we argued, though, that among these terms should exist powers of the Weyl tensor.
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A From superspace to components in N = 1, d = 4 supergravity
Our conventions have been mostly described in [1] . The Riemann tensor admits, in d spacetime dimensions, the following decomposition in terms of the Weyl tensor W µνρσ , the Ricci tensor R µν and the Ricci scalar R:
We define the traceless Ricci tensor as
In four dimensions, the Weyl tensor can still be decomposed in its self-dual and antiselfdual parts:
Superspace supergravity is described by two antichiral superfields R, W ABC , their complex conjugates and a real superfield G AȦ , which describe the off-shell solution to the Bianchi identities. These identities imply the following differential relations between the superfields:
From (A.4) and its complex conjugate and the solution of the Bianchi identities, we may also derive the following useful relation between superfields:
These relations (A.4), (A.5), (A.6) are off-shell identities (not field equations).
In order to determine the component expansion of the supergravity superfields, we use the method of gauge completion [11, 12, 13, 14] . The basic idea behind it is to relate in superspace some superfields and superparameters at θ = 0 with some x space quantities, and then to require compatibility between the x space and superspace transformation rules.
We make the following identification for the supervielbeins at θ = 0 (symbolically E N Π :
In the same way, we gauge the fermionic superconnection at order θ = 0 to zero and we can set its bosonic part equal to the usual spin connection:
We also identify, at the same order θ = 0, the superspace vector covariant derivative (with an Einstein indice) with the curved space covariant derivative:
These gauge choices are all preserved by supergravity transformations. As a careful analysis using the solution to the Bianchi identities and the off-shell relations among the supergravity superfields R, G n , W ABC shows, the component field content of these superfields is all known once we know .10) and their complex conjugates.
All the other components and higher derivatives of R, G AȦ , W ABC can be written as functions of these previous ones. In order to determine the "basic" components, first we solve for superspace torsions and curvatures in terms of supervielbeins and superconnections using the identifications (A.7) and (A.8); then we identify them with the off-shell solution to the Bianchi identities. The process is now standard [12, 13, 14, 15] ; we simply collect here the results.
(A.14)
With this knowledge, we can already compute ∇ m G n |, which is necessary to compute in x-space the terms we analyze in the main text:
with the x-space curvature R mn µν , multiply by the inverse supervielbeins E µ M E ν N , identify with the solution to the Bianchi identities for R M N and extract the field contents by convenient index contraction/symmetrization. The field content of these components will include the Riemann tensor in one of its irreducible components (respectively the Ricci scalar, the Ricci tensor and the Weyl tensor).
The result for ∇ 2 R is well known; it is necessary in order to compute the action for pure supergravity [13] :
The procedure for computing ∇Ȧ∇ A G BḂ , ∇ D W ABC is described in detail in appendix B of [16] , but the full calculation, in terms of the supergravity multiplet, is just outlined. The results, expressed as functions of the known components, are 
